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The present investigation is essentially devoted to a study of the cranial 
biomechanics by modelling the head as a poroelastic spheroidal shell tilled with a 
viscoelastic fluid representing the brain material. Both the skull and the brain are 
considered as linear and isotropic materials. The problem is formulated in terms of 
prolate spheroidal coordinates and is treated mathematically by using the integral 
transform technique. The applicability of the analytical study is illustrated by 
computing the stress-field generated in the system due to the application of the load 
through the use of appropriate numerical procedures. 0 1984 Academic Press, Inc. 
INTRODUCTION 
Quite a few studies related to the mechanics of the cranial vault have 
already been reported in the scientific literature through the consideration of 
mathematical and experimental models. But in most of the previous 
analytical studies, the material of the skull has been assumed to be elastic or 
viscoelastic by ignoring the porosity of the cranial bone. But a look into the 
anatomy of the cranial bone asserts that the skull consists of an outer and an 
inner table of solid bone separated by a trabecular domain (diplog). 
Although the skull consists of eight separate bones, their junction in an adult 
specimen is so calcified that it composes a single structural unit. Also 
relevant experimental observations indicate that the diploe layer of the skull 
is full of cavities. 
It is now a well-established fact that among all kinds of tissues of which 
the human body is made, the osseous tissue represents a lattice work in the 
sense that it represents a solid skeleton containing innumerable cavities filled 
with bone marrow and various fluids, such as the blood and the synovial 
fluid. Bearing this in mind, a poroelastic spherical shell model for the human 
head was studied by Nowinski and Davis [ 11. In their study, the osseous 
tissue was considered to be a linear perfectly elastic solid while the fluid 
substances filling the cavities were treated as Newtonian viscous. In the 
analysis, they made use of the Heinrich-Desoyer formulation of the 
consolidation theory of Terzaghi and Biot adapted to the spherical bodies 
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and the method of Laplace transformation. Retaining similar considerations, 
Nowinski [2] further derived the governing equations involving fluid excess 
pressure and the stress function by using Biot equations [3] and assuming a 
state of plane strain. He concluded that under a constant external load, the 
bone element exhibits creep properties. This observation is in conformity to 
related experimental findings. 
In the present paper, a poroelastic shell model is taken up for studying the 
cranial biomechanics. In conformity to the experimental observations 
reported by McElhaney et al. [4], Jamison et al. [5], and also Galford and 
McElhaney [6], the dissipative material behaviour of the brain tissue is 
incorporated in the analysis, as in Misra and Chakravarty [7]. The eccen- 
tricity of the cranium is also considered here by assuming the shell to be of 
prolate spheroidal geometry (shown in Fig. 1) with the ratio of major to 
minor axes equal to 4/3 (as suggested by Goldsmith [8]). In fact the skull 
eccentricity was proved to have a significant contribution in the studies of 
various aspects of the cranial biomechanics by several investigators (cf. 
Merchant and Crispino [9], Talhouni and DiMaggio [lo], Misra [ 11, 121, 
and Misra et al. [ 13-151). Also both the skull and the brain are treated as 
isotropic media. Under these considerations, the fluid-filled shell representing 
the human head subjected to an axisymmetric load is studied here. The 
problem is solved mathematically by using the Laplace transform technique 
and the numerical inversion is carried out by making use of the Gauss 
quadrature formula. An attempt is made to illustrate the applicability of the 
analysis by computing numerically the stress-field generated in the system 
due to the application of a given load on the skull. 
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BASIC EQUATIONS 
Let the stress-field of the porous material in the prolate spheroidal coor- 
dinate system (<, v, #), shown in Fig.2, be denoted by 
[ 
QLL + d oLv 016 
O?lL oI,, +O O,ti ’ 
096 orv =otb + c7 I
where oLL, oL,,, etc., are the components of the forces acting on the solid part 
of the faces of a unit cube of bulk material and u represents the force applied 
to the fluid part. 
In the axisymmetric case, the displacements and the stresses are 
independent of the angle $ and ug = 0. The stress-strain relations for an 
isotropic poroelastic material in the prolate spheroidal coordinate system 
may be written as 
oLL = 2Ge,, t le + QE, 
u ,,,, = 2Ge,, + Le + QE, 
u mm = 2Ge,, + le + Qe, 
(1) 
0 In= G% 9 
and 
o=Qe+Rc 
in which L, G, Q, and R are the four elastic constants and e, E are the 
dilatations of the solid and fluid media, respectively. 
FIG. 2. Prolate spheroidal coordinate system. 
A SHELLMODELFORSTUDYING HEADINJURY 335 
The equations of equilibrium and the flow equations for the two-phase 
material (solid and fluid) are respectively given by 
GV*u+(P--G+Q)grade+(Q+R)grads=O 
and (2) 
grad(Qe + RE) = b, g (U -u) 
where P = A + 2G, u and U are respectively the displacement vectors of the 
solid and the fluid media having components (u,, u,, 0) and (V,, U,, 0); b, 
is a constant of proportionality (Darcy’s constant) and the Laplacian V2 in 
the prolate coordinate system (in its axisymmetric form) is given by 
By definition, 
E = div u and e = div U. 
Initially, since the relative displacement of the fluid is zero, the fluid 
equation in (2) shows that it must be irrotational and hence one may write 
U - u = grad 4, $ being a scalar potential. 
BOUNDARY CONDITIONS AND THE METHOD OF SOLUTION 
Let < = a and < = b represent he inner and outer tables of the skull, while 
the diploe layer is defined by a < r < b. 
Assuming that at time t = 0, the system is in its natural state, boundary 
conditions (for t > 0) are formulated mathematically as follows: 
(continuity of the displacements and stresses at the skull-brain interface: sk 
and br mean skull and brain, respectively) and 
on{=b, oII = -q(u, t) and ol,, = 0, 
where q(q, t) represents the load applied on the external surface of the skull. 
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Assuming 
u=u1- R+Q 7 grad 4 
and 
P+Q u=u,+- H grad4 
with H = P + R + 2Q, one can rewrite the equations (2) in the form 
GV*u,+(iY-G)grade,=O 
(Q+R)e, +KV*#=b,; 
where 
e, = div u1 and K= PR-Q* 
H ’ 
The general solutions of these equations are given by 
u = -grad(y,, + r. . w) + - HyG w - 2G(Q + R)2 f grad div w dt 
b,H(H--1 o 
Q+R -7gradQ 
and 
U = -grad(v, + r. . v) + - H2yG w - 2G(Q + R)2 f grad div w dt 
b,H(H-G) o 
(3) 
(5) 
+P+Q 7 grad 4 
in which the scalar w. and the vector potential w satisfy the Laplace 
equation. 
Since for the problem under our present consideration, the shell 
representing the skull is subjected to a load which is assumed to be axisym- 
metric, the response will also be axisymmetric about an axis through the line 
of force of the excitating load. Also, displacements will occur only in planes 
through the line of force. This implies that the displacement component 
urn = 0, so that the components wI and wtl of the vector w will be zero while 
w, = I&<, r) (say) will be non-zero. 
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Thus we have 
v21yo = v2yl = 0. (6) 
Also the scalar potential d satisfies the equation 
KV2$=bl$. (7) 
Solving the equations (6) by making use of the method of separation of 
variables, one obtains 
wo = ngo Pn(v)[~nxn(O + BnYn(Ol 
w = : P”@l)~CA4 + D, Y,(T)1 
n=O 
(8) 
where A,, B,, C,, and D, (n = 0, 1,2,3,...) are arbitrary constants, P,(r) is 
the Legendre polynomial, and x,(C), v,(t) are given by 
x,(r) = 1 + n(n + 1) 2! r2+ 
n(n + IN6 + n(n + 111 rz, + ... 
4! 
and 
Applying the Laplace transform on the equation (7), one gets 
with 
in which s denotes the transformation variable and a bar over a symbol 
denotes its Laplace transform. 
The solutions of the equations (6) and (7) in the Laplace transform space, 
obtained by making use of the method of separation of variables, read 
Wo = ni?o Pn(r)~~,(s)x,(5) + B,(s) v,(t 1 3
1= ngo Pnh’)[C,(s) x,(t) + D ~,(c;)l, (10) 
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and 
in which A,(s),B,(s),..., F,(s) are six arbitrary functions of the transfor- 
mation variable s, S,& 11) is the spheroidal angular function, while 
R,&,k, <) and R&,(x, <) denote the spheroidal radial functions of the first and 
the second kind respectively. 
These potential functions may be used for studying the displacement and 
stress-fields in the skull region a & c < b, -1 Q rl< 1. 
The displacement and stress-fields in the brain region 1 < < < a, 
-1 < n < 1 (representing a viscoelastic fluid), can be calculated (in the 
Laplace transform space) in terms of two potential functions 6 and \Y given 
by 
and (11) 
F= ((r* - 1x1 - r2V’* f H,(s) S&4, r>R:nh C) 
n=l 
(cf. Misra [ 1 I]). The forms of these potential functions have been taken by 
keeping in mind that Rink, r) is unbounded for { = 1. In (1 1 ), G,(s) and 
H,(s) are arbitrary functions of the transformation variable s, 
: 
s2d2 
’ = -’ 4(A* + 2G*) 
and 
ps*d* 
xi=- 4G* 
in which p denotes the density of the brain matter, d is the interfocal distance 
of the spheroidal geometry, and A *, G* are two functions of s which 
correspond to Lame’s constants 1, G for an elastic material. 
The components of the displacement vector u given by (5), for the solid 
phase of the skull medium, read in the Laplace transform space as 
+-t$ ,90+h,3,+-&- 2G(Q+R)2 b,H(H - G) 
&] e-s~&-~t$ 
I 
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in which h,, h,, and h,, the metrical coefficients defined through the relation 
dx* + dy* + dz* = hid<* + h:du’ + h: d#*, are given in the prolate 
spheroidal coordinate system by 
h, = $ ((<’ - l)( 1 - g*))“‘. 
The forms for the transformed isplacement components 0, and 0, for the 
liquid phase of the skull medium can also be written in a similar fashion. 
Using the usual strain-displacement relations, one can obtain the strain 
components by making use of the transformed displacement components 
(12). The stress components for the skull region can then be obtained by 
using the relations (1). The corresponding quantities for the brain region can 
be similarly calculated by employing (11) through the use of the following 
relations in the prolate spheroidal coordinate system. 
with 
1 
A = hlh,h, A at (u,V,) + ; (u.,VQ] 
(cf. Love [ 16]), h,, h,, h, being the metrical coefficients for the prolate 
spheroidal coordinate system, with their expressions given above. 
409/103/2-4 
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We shall now apply the boundary conditions listed in (3) after converting 
them in the Laplace transform domain. The last two conditions of (3) enable 
us to determine explicitly the expressions for E, and F, in terms of 4(1, s) 
which represents the Laplace transform of the applied load q(q, t). By 
applying the remaining boundary conditions, the following six algebraic 
equations involving the six unknowns A,,, B,, C,, D,, G,, and H,, are 
obtained. 
A,&’ f B,aj;) + C,U;~’ + D,a;’ =K,,, (13) 
A,aL;‘+B u’*‘+C uc3’+D n n1 n n1 uc4)-K n n1- 2n9 (14) 
A,~~‘+B,c~‘+C,C~~‘+D,C~‘+G,C~~‘+H,C~~’=K,,, (15) 
A e”’ + B e(*) + C n n n n ,5t3) + D ec4) - G n n n n e”’ -H ” n1 &*) = K ” ill 4n9 (16) 
A,S~“+B,S~‘+C,S~3’+D,Sp’-G,b~‘-H,b~2’=K,,, (17) 
and 
A t(‘) + B t(*) + C n n II n tc3’ + D tc4) - G,t;” - H,, f!f’ = K,, . n n n n (18) 
The coefficients of the unknowns in the above equations contain 
expressions involving the prolate spheroidal angular and radial functions at 
specific points and also @((r, s). These expressions being very cumbersome 
and too lengthy are not presented here. The equations (13)-( 18) are solved 
to obtain all the unknowns in the Laplace transform space. Laplace inversion 
is carried out numerically by the use of the Gauss quadrature formula (cf. 
Krylov and Skoblya [ 171). This enables us to compute finally the 
displacement and stress-fields in the poroelastic skull and the viscoelastic 
brain. 
NUMERICAL RESULTS AND DISCUSSION 
For the computational purpose, we have represented 4(1, s) as 
4h s) = g K,w sJ”cK9 Ir> 
where 
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As a particular case, considering a time-independent impact load, we take 
q(v) = F, cos 51, 0.95 < q < 1 
= 0, elsewhere 
so that 
q(q, s) =? cos 51, 0.95 < ?f < 1 
= 0, elsewhere. 
The above form of q(v) corresponds to an impact of the head with a hard 
surface (cf. Misra [ 11 I). Moreover, the following numerical values are taken 
for the parameters involved in the analysis presented above. 
A = 1.02 x lo5 MPa, G = 0.793 x 10’ KPa, 
N=A=5.5x 103MPa, Q = 2.0 x lo3 MPa, 
R = 1.38 x lo3 MPa, b = 78.74 mm a = 73.60 mm, 
d = 101.60 mm, b, = 0.1, p = 0.977 x lo3 kg/m3. 
The time variation of the non-dimensional stress a,,/F, on the skull 
surface, computed on the basis of the above analysis and by using the above 
mentioned data, has been shown in Fig. 3, by taking q = 0.96. In order to 
illustrate the effect of the porosity of the cranial bone on the stress-values, 
the corresponding results for the case when the skull is treated as an elastic 
material (neglecting porosity) have also been computed, and these are 
presented in the same figure. It may be mentioned here that Misra [ 111, who 
took into account the damping material behaviour of the skull but 
0.30 - 
- POROELASTIC CASE 
----- ELASTIC CASE 
b fL 0.20” ED 
\ 
Lwelq x10-1 
0 I I 1 I 
5 10 15 2.2 25 
TIME, rnsec - 
FIG. 3. Variation of u,, with time. 
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disregarded the porosity, did not notice any appreciable value of a,,/F,, in 
the frequency range t&800 Hz. A similar observation was also reported by 
Hickling and Wenner [ 181. Figure 3 further indicates that in the time range 
under study, the results for the poroelastic shell model are closer to those put 
forward by the above mentioned investigators (in the aforesaid frequency 
range). 
In the analysis of Nowinski and Davis [ 11, the skull was considered as a 
poroelastic spherical shell (ignoring the eccentricity). The fluid contained in 
it (representing the brain material) was assumed to be Newtonian viscous. 
Possibly due to non-availability of requisite experimental data, they did not 
compute any numerical values which might illustrate the validity of such a 
model. Due to similar difficulties, some (of course, not all) of the data 
mentioned above had to be taken arbitrarily in an attempt towards 
illustrating the applicability of the analysis made by considering the 
improved model studied in this paper. 
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